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BGG Category O

Fix a reductive Lie algebra g over C.
Take a triangular decomposition

g=n @®b, b=hHen
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The blocks in BGG category O

BGG Category O

Fix a reductive Lie algebra g over C.
Take a triangular decomposition

g=n @®b, b=hHen

Then O(g) = O(g, b) is the category of all U(g)-modules which
are

1. finitely generated;
2. semisimple as U(h)-modules;
3. locally U(n™)-finite.
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The blocks in BGG category O

BGG Category O

Fix a reductive Lie algebra g over C.
Take a triangular decomposition

g=n @®b, b=hHen

Then O(g) = O(g, b) is the category of all U(g)-modules which
are

1. finitely generated;
2. semisimple as U(h)-modules;
3. locally U(n™)-finite.

Our choice of positive roots generates partial order < on h*.
Simple modules {L(\)} are labelled by their highest weight A € b*.
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The blocks in BGG category O

We have the Weyl group W = W(g : h) which acts on h*.
For A € b*, we have the integral Weyl group W(\) < W.
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The blocks in BGG category O

We have the Weyl group W = W(g : h) which acts on h*.
For A € b*, we have the integral Weyl group W(X) < W.

Then L(\) and L(p) are in the same block of O(g) if and only if
we W(A)- A
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The blocks in BGG category O

We have the Weyl group W = W(g : h) which acts on h*.
For A € b*, we have the integral Weyl group W(X) < W.

Then L(\) and L(p) are in the same block of O(g) if and only if
we W(A)- A In formula:

AeX+

Here, X C h* are the dominant weights.
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The blocks in BGG category O

We have the Weyl group W = W(g : h) which acts on h*.
For A € b*, we have the integral Weyl group W(X) < W.

Then L(\) and L(p) are in the same block of O(g) if and only if
we W(A)- A In formula:

O(g,0) = EP Ox(s.b).
Aext

Here, X C h* are the dominant weights.

Then O,(g) has finitely many simples (labelled by W(\) - \) and
enough projective and injective objects.
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The blocks in BGG category O

» Jantzen's translation functors.
= Inside O(g) there are only finitely many blocks up to
equivalence.
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The blocks in BGG category O

» Jantzen's translation functors.
= Inside O(g) there are only finitely many blocks up to
equivalence.

» Soergel's combinatorial description.
= the category O,(g) depends only on the Coxeter group
W(A) and its (parabolic) subgroup

{(xe W) |x- A=A} < W).
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The blocks in BGG category O

» Jantzen's translation functors.
= Inside O(g) there are only finitely many blocks up to
equivalence.

» Soergel's combinatorial description.
= the category O,(g) depends only on the Coxeter group
W(A) and its (parabolic) subgroup

{(xe W) |x- A=A} < W).

This means

» We only need to worry about integral blocks.
» Depending on your preference, feel free to ignore either
B, =s0(2n+1) or C, = sp(2n).
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The blocks in BGG category O

» Jantzen's translation functors.
= Inside O(g) there are only finitely many blocks up to
equivalence.

» Soergel's combinatorial description.
= the category O,(g) depends only on the Coxeter group
W(A) and its (parabolic) subgroup

{(xe W) |x- A=A} < W).

This means
» We only need to worry about integral blocks.
» Depending on your preference, feel free to ignore either
B, =s0(2n+1) or C, = sp(2n).
» We can introduce the notation O(W, W’) for a finite Weyl
group and a parabolic subgroup W’ < W.
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The blocks in BGG category O

Naive question: Does O(W, W') ~ O(U, U’) imply there exists
¢: W 5 U as Coxeter groups with ¢(W') = U'?
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The blocks in BGG category O

Naive question: Does O(W, W') ~ O(U, U’) imply there exists
¢: W 5 U as Coxeter groups with ¢(W') = U'?

No! Take W 2 U and observe

O(W, W) ~ vecc ~ O(U, U).
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The blocks in BGG category O

Naive question: Does O(W, W') ~ O(U, U’) imply there exists
¢: W 5 U as Coxeter groups with ¢(W') = U'?

No! Take W 2 U and observe
O(W, W) ~ vecc ~ O(U, U).

Any more?
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The blocks in BGG category O

Naive question: Does O(W, W') ~ O(U, U’) imply there exists
¢: W 5 U as Coxeter groups with ¢(W') = U'?

No! Take W 2 U and observe
O(W, W) ~ vecc ~ O(U, U).

Any more?

> Boe, Nakano, Stroppel, ...
> O(Agni1, Aon) ~ O(Bni1,Bn), with n>2;
» O(Bn,An-1) =~ O(Dpy1,An), with n > 3;
> O(A3,A2) ~ O(B2,A1);
> O(A57A4) ~ O(GQ,Al) 20(33752).
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The blocks in BGG category O

Naive question: Does O(W, W') ~ O(U, U’) imply there exists
¢: W 5 U as Coxeter groups with ¢(W') = U'?

No! Take W 2 U and observe
O(W, W) ~ vecc ~ O(U, U).

Any more?

> Boe, Nakano, Stroppel, ...
> O(Agni1, Aon) ~ O(Bni1,Bn), with n>2;
» O(Bn,An-1) =~ O(Dpy1,An), with n > 3;
> O(A3,A2) ~ O(B2,A1);
> O(A57A4) ~ O(GQ,Al) 20(33752).

Any more? (Have we classified blocks up to equivalence?)
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The blocks in BGG category O

How to disprove equivalences between categories with same global
dimension, number of simple objects, ....7
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The blocks in BGG category O

How to disprove equivalences between categories with same global
dimension, number of simple objects, ....7

Know that

> O(W,W’) is a highest weight category, for <:
Standard modules are the Verma modules
A(X) = U(g) @u) Ca.
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The blocks in BGG category O

How to disprove equivalences between categories with same global
dimension, number of simple objects, ....7

Know that
> O(W,W’) is a highest weight category, for <:
Standard modules are the Verma modules
A(X) = U(g) @u) Ca.
» O(W,W'’) has a simple preserving anti-autoequivalence
(duality)
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The blocks in BGG category O

How to disprove equivalences between categories with same global
dimension, number of simple objects, ....7

Know that
> O(W,W’) is a highest weight category, for <:
Standard modules are the Verma modules
A(X) = U(g) @u) Ca.
» O(W,W'’) has a simple preserving anti-autoequivalence
(duality)

Claim (see part Il): The second property implies that O(W, W')
can only admit one highest weight structure (up to ‘equivalence’).
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The blocks in BGG category O

How to disprove equivalences between categories with same global
dimension, number of simple objects, ....7

Know that
> O(W,W’) is a highest weight category, for <:
Standard modules are the Verma modules
A(X) = U(g) @u) Ca.
» O(W,W'’) has a simple preserving anti-autoequivalence
(duality)

Claim (see part Il): The second property implies that O(W, W')
can only admit one highest weight structure (up to ‘equivalence’).
= Any equivalence

oW, W'y 3 o, U

must be equivalence of highest weight categories
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The blocks in BGG category O

Theorem (BGG)

Fix O(W,W’). There is a non-zero morphism A(x) — A(y) for
x,y € W/W' if and only if y < x in the Bruhat order on W /W'.
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The blocks in BGG category O

Theorem (BGG)

Fix O(W,W’). There is a non-zero morphism A(x) — A(y) for
x,y € W/W' if and only if y < x in the Bruhat order on W /W'.

Together with the claim:

oW, W'") ~ O(U, U") implies that (W /W' <) ~ (U/U’, <).
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The blocks in BGG category O

Theorem (BGG)

Fix O(W,W’). There is a non-zero morphism A(x) — A(y) for
x,y € W/W' if and only if y < x in the Bruhat order on W /W'.

Together with the claim:

oW, W'") ~ O(U, U") implies that (W /W' <) ~ (U/U’, <).

Question: How much of (W, W’) can we recover from
(W/ W' <x)?
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The blocks in BGG category O

Lemma (K.C.)
If for finite Weyl groups we have (W /W' <) ~ (U/U’, X), then
the pairs (W, W') and (U, U’) are ‘linked’ by

> (G,G) «< (H,H);
(A2,,+1,A2,,) < (Bnt+1,Bn), withn>2;
(Bp, Ap_1) < (Dpi1,An), withn>3;
(
(

A3,A2) (B2, A1),

>
>
>
> (As,Ay) < (G2, A1) < (B3, Ba).
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The blocks in BGG category O

Theorem (K.C.)

We have O(W, W') ~ O(U, U') if and only if
(W/ W', <)~ (U/U,=).
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The blocks in BGG category O

Theorem (K.C.)

We have O(W, W') ~ O(U, U') if and only if
(W/ W', <)~ (U/U,=).

For the irreducible Weyl group case, the only non-trivial
equivalences are

> O(G,G) ~ O(H, H);

O(Azns1, Azn) ~ O(Bpy1, Bn), withn>2;
O(Bp, An_1) ~ O(Dpsi1,An), withn>3;
O(As, A2) ~ O(Ba, Ar);

O(

>
>
>
> O(As, As) ~ O(Gy, A1) ~ O(Bs, By).
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Highest weight categories and uniqueness

Highest weight categories and uniqueness
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Highest weight categories and uniqueness

If (C,<3) and (C, <3) are highest weight categories (with same
underlying category C), the highest weight structures are
‘equivalent’ if the following equivalent conditions are satisfied:
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Highest weight categories and uniqueness

If (C,<3) and (C, <3) are highest weight categories (with same
underlying category C), the highest weight structures are
‘equivalent’ if the following equivalent conditions are satisfied:

1. The minimal restrictions of <3 and <, for which (C, <;) and
(C, <3) remain highest weight categories are identical.
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Highest weight categories and uniqueness

If (C,<3) and (C, <3) are highest weight categories (with same
underlying category C), the highest weight structures are
‘equivalent’ if the following equivalent conditions are satisfied:

1. The minimal restrictions of <3 and <, for which (C, <;) and
(C, <3) remain highest weight categories are identical.

2. We have A1(A) =~ Ay(A), for all A
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Highest weight categories and uniqueness

If (C,<3) and (C, <3) are highest weight categories (with same
underlying category C), the highest weight structures are
‘equivalent’ if the following equivalent conditions are satisfied:

1. The minimal restrictions of <3 and <, for which (C, <;) and
(C, <3) remain highest weight categories are identical.

2. We have A1(A) =~ Ay(A), for all A
3. We have V1()) =~ Va()), for all A.
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Highest weight categories and uniqueness

If (C,<3) and (C, <3) are highest weight categories (with same
underlying category C), the highest weight structures are
‘equivalent’ if the following equivalent conditions are satisfied:

1. The minimal restrictions of <3 and <, for which (C, <;) and
(C, <3) remain highest weight categories are identical.

2. We have A1(A) =~ Ay(A), for all A
3. We have V1()) =~ Va()), for all A.
4. We have [A1(N\)] = [A2(N)] in Ko(C), for all .
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Highest weight categories and uniqueness

For a quasi-hereditary algebra (A, <) with simple preserving
duality: Humphreys-BGG reciprocity

(P(A) = A(w)) = [A) - LV
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Highest weight categories and uniqueness

For a quasi-hereditary algebra (A, <) with simple preserving
duality: Humphreys-BGG reciprocity

(P(A) = A(w)) = [A(w) : L(A)]-
Consequence:

P(A) = A(N) ifandonly if [P(A):L(A)]=1

Kevin Coulembier Highest weight categories and blocks in O



Highest weight categories and uniqueness

For a quasi-hereditary algebra (A, <) with simple preserving
duality: Humphreys-BGG reciprocity

(P(A) = A(w)) = [A) - LV

Consequence:

P(A) = A(N) ifandonly if [P(A):L(A)]=1

Uniqueness of highest weight structure now follows easily.
— applies to Schur algebra, category O, Brauer algebra, cellular
algebras, ...
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Highest weight categories and uniqueness

For a quasi-hereditary algebra (A, <) with simple preserving
duality: Humphreys-BGG reciprocity

(P(A) = A(w)) = [A) - LV

Consequence:

P(A) = A(N) ifandonly if [P(A):L(A)]=1

Uniqueness of highest weight structure now follows easily.
— applies to Schur algebra, category O, Brauer algebra, cellular
algebras, ...

Remark. Other extreme: Hereditary algebras

Kevin Coulembier Highest weight categories and blocks in O



Highest weight categories and uniqueness

For a quasi-hereditary algebra (A, <) with simple preserving
duality: Humphreys-BGG reciprocity

(P(A) = A(w)) = [A) - LV

Consequence:

P(A) = A(N) ifandonly if [P(A):L(A)]=1

Uniqueness of highest weight structure now follows easily.
— applies to Schur algebra, category O, Brauer algebra, cellular
algebras, ...

Remark. Other extreme: Hereditary algebras

Question. What about non-finite highest weight categories?
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Highest weight categories and uniqueness

Terminology of Brundan - Stroppel

» Upper finite highest weight categories:
Category O for Kac-Moody algebras with weights in the Tits
cone.
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Highest weight categories and uniqueness

Terminology of Brundan - Stroppel

» Upper finite highest weight categories:
Category O for Kac-Moody algebras with weights in the Tits
cone.

» Essentially finite highest weight categories:
Category O (sometimes also of finite dimensional modules) of
a simple Lie superalgebra.
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Highest weight categories and uniqueness

Terminology of Brundan - Stroppel

» Upper finite highest weight categories:
Category O for Kac-Moody algebras with weights in the Tits
cone.

» Essentially finite highest weight categories:
Category O (sometimes also of finite dimensional modules) of
a simple Lie superalgebra.

> Lower finite highest weight categories:
RepG for a reductive group G/k with k of positive
characteristic.
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Highest weight categories and uniqueness

Terminology of Brundan - Stroppel

» Upper finite highest weight categories:
Category O for Kac-Moody algebras with weights in the Tits
cone.

» Essentially finite highest weight categories:
Category O (sometimes also of finite dimensional modules) of
a simple Lie superalgebra.

> Lower finite highest weight categories:
RepG for a reductive group G/k with k of positive
characteristic.

(Link to [CPS] via ind-completion)
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Highest weight categories and uniqueness

Terminology of Brundan - Stroppel

» Upper finite highest weight categories:
Category O for Kac-Moody algebras with weights in the Tits
cone.

» Essentially finite highest weight categories:
Category O (sometimes also of finite dimensional modules) of
a simple Lie superalgebra.

> Lower finite highest weight categories:
RepG for a reductive group G/k with k of positive
characteristic.

(Link to [CPS] via ind-completion)

Question:
Uniqueness in presence of simple preserving anti-autoequivalence?
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Highest weight categories and uniqueness

In a lower finite highest weight category with duality,

L(N\) =A(\) & Ext’(L()\),L(N)

0
& Ext*(L(\),L())) = k
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Highest weight categories and uniqueness

In a lower finite highest weight category with duality,

L(N\) =A(\) & Ext’(L()\),L(N)
& Ext*(L(N), L(N))

0
k

Philosophy:
dimg Ext®(L(A), L(A)) = 1 is ‘Koszul dual’ of [P(A) : L(N\)] =1
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Highest weight categories and uniqueness

In a lower finite highest weight category with duality,

L(N\) =A(\) & Ext’(L()\),L(N)
& Ext*(L(N), L(N))

0
k

Philosophy:
dimg Ext®(L(A), L(A)) = 1 is ‘Koszul dual’ of [P(A) : L(N\)] =1

=

» Upper finite highest weight categories: Unique
> Essentially finite highest weight categories: Not unique
» Lower finite highest weight categories: Unique
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Highest weight categories and uniqueness

In a lower finite highest weight category with duality,

L(N\) =A(\) & Ext’(L()\),L(N)
& Ext*(L(N), L(N))

0
k

Philosophy:
dimg Ext®(L(A), L(A)) = 1 is ‘Koszul dual’ of [P(A) : L(N\)] =1
=

» Upper finite highest weight categories: Unique
> Essentially finite highest weight categories: Not unique

» Lower finite highest weight categories: Unique

— Weyl modules in RepG were not invented, but discovered
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The ind-completion

The ind-completion
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The ind-completion

Theorem (K.C.-V.Mazorchuk, K.C.)

The following conditions on an abelian category A with abelian
subcategory B are equivalent.
1. For every epimorphism p : A — B in A, with B € B, there
exists a morphism f : B' — A with B’ € B such that po f is
still an epimorphism.
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The ind-completion

Theorem (K.C.-V.Mazorchuk, K.C.)

The following conditions on an abelian category A with abelian
subcategory B are equivalent.
1. For every epimorphism p : A — B in A, with B € B, there
exists a morphism f : B' — A with B’ € B such that po f is
still an epimorphism.

2. Foreach B € B and X € A, we get an epimorphism

colimy g, xExtg(B, Y) — Exta(B,X).
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The ind-completion

Theorem (K.C.-V.Mazorchuk, K.C.)

The following conditions on an abelian category A with abelian
subcategory B are equivalent.

1. For every epimorphism p : A — B in A, with B € B, there
exists a morphism f : B' — A with B’ € B such that po f is
still an epimorphism.

2. Foreach B € B and X € A, we get an epimorphism
colimy g, xExtg(B, Y) — Exta(B,X).

3. Foreach B € B, X € A, we get an isomorphism

colimy g xExtg(B, Y) = Extp(B,X), VieN.
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The ind-completion

Theorem (known?)

Let C be a locally small abelian category.
1. The abelian category C is extension full in IndC and ProC.
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The ind-completion

Theorem (known?)

Let C be a locally small abelian category.
1. The abelian category C is extension full in IndC and ProC.
2. Forall i € N, we have

—

lim Exte(X, Ya) = Extinc(X, lim Ya),
o (0%
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The ind-completion

Theorem (known?)

Let C be a locally small abelian category.
1. The abelian category C is extension full in IndC and ProC.
2. Forall i € N, we have

—

o

lim EXtc(X, Ya) = EXtIndC(X7 ||_a® Ya),

C need not be a Serre subcategory of IndC
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The ind-completion

Theorem (known?)

Let C be a locally small abelian category.
1. The abelian category C is extension full in IndC and ProC.
2. Forall i € N, we have

—

o

lim EXtc(X, Ya) = EXtIndC(X7 ||_a® Ya),

C need not be a Serre subcategory of IndC

We do not have
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